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 
Abstract—Spherical wave functions play an important role in 
the theoretical study of antenna. When they are used to investigate 
the stored energy outside the circumscribing sphere of the antenna, 
two different types of modal quality factors appear which exhibit 
some interesting properties. These properties can be easily 
demonstrated by numerical tabulations but have never proved 
rigorously and have remained unsolved for many years. An 
attempt is made in this paper to try to solve these longstanding 
problems. New properties and new power series expansions for the 
modal quality factors have been obtained, which essentially belong 
to the spherical Bessel functions and therefore are universally 
applicable.  
 
Index Terms—Quality factor, stored energy, spherical Bessel 
functions. 
I. INTRODUCTION 
The study of antenna quality factor Q can be traced back to 
Chu‟s work published in 1948[1]. Chu‟s analysis is based on the 
spherical mode expansions and is valid for a special type of 
omni-directional antenna that only radiates either TE or TM 
modes. Chu used the total energies (instead of stored energies) 
outside of the circumscribing sphere of the antenna to study the 
antenna Q. In order to avoid the difficulty that the total electric 
and magnetic field energies outside the circumscribing sphere 
are infinite, Chu introduced the equivalent impedance for each 
mode and obtained an expression of antenna modal Q, denoted 
by CHUnQ  through the calculation of stored energies in the 
truncated equivalent ladder circuit for the impedance. Collin 
and Rothschild [2] adopted a method for evaluating antenna Q 
in 1964, which was based on an idea proposed by Counter [3] 
that the stored energy could be calculated by subtracting the 
radiated field energy away from the total energy in the fields, 
and they introduced the modal quality factor 
nQ defined by 
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. 
where x ka  with k  being the wavenumber and a  being the 
radius of the circumscribing sphere which encloses the antenna; 
( )nj x and ( )nn x are spherical Bessel functions of the first and 
second kind respectively; and (2) ( )nh x is the spherical Hankel 
function of the second kind. The method used by Collin and 
Rothschild was further extended to study the quality factor for 
an arbitrary antenna in terms of spherical wave expansions by 
Fante in1969 [4]. In addition to the modal quality factor nQ , 
Fante introduced another modal quality factor nQ defined by 
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This is quite different from the modal quality factor defined by 
(1). By use of recurrence relations for spherical Bessel functions, 
it is readily found from (1) and (2) that 
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Since Chu has neglected part of stored energies due to the 
truncation of the equivalent ladder network, the modal quality 
factor ( )nQ x is larger than 
CHU
nQ . Note that all the studies 
mentioned above only considered the stored energies outside 
the circumscribing sphere of the antenna in the calculation of 
antenna quality factor. For this reason, the quality factor 
obtained is much smaller than its real value. 
 
Both the modal quality factor nQ  and nQ  are important in the 
theoretical research, and they have been extensively used to 
study the general properties of antenna, such as the lower bund 
of quality factor and the upper bounds for the ratio of gain to 
quality factor for an arbitrary antenna [5]-[10]. Some properties 
of the modal quality factor nQ  and nQ  have been revealed by 
Fante through numerical tabulations [4]: 
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These properties, however, have never rigorously proved 
mathematically and have remained unsolved for many years. In 
this paper, we try to give a rigorous proof of these properties. 
Some new refined results for nQ  and nQ  have been obtained, 
which are listed below: 
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Equations (11) and (12) give the alternating recurrence relations 
for the modal quality factor ( )nQ x  and ( )nQ x . We have also 
obtained the following new power series expansions for the 
modal quality factors 
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where the expansion coefficients are given by 
 
2
2 2( ) 1
( 2) ( ) (2 )!(2 2 )!
( , ) ,
[( )!] ( 1 ) !2 n m
n n n m m n m n m
q n m
n m n m m  
      
 

  
 (16) 
 
2 2( ) 1
(2 1 )(2 )!(2 2 )!
( , ) .
[( )!] ( 1 ) !2 n m
m n m n m n m
q n m
n m n m m  
   
 
  
        (17) 
 
II. PROPERTIES OF THE MODAL QUALITY FACTOR 
nQ   
The property (4) will be established by using the method of 
mathematical induction. As the first step of the proof, we need 
to show that (4) is true for the case of 1n  . This can be easily 
done from the definitions of spherical Bessel functions. Indeed 
we have 1( ) 1/ 0.Q x x    As the inductive step, we assume that 
(4) is true for an arbitrary n  
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and we need to show that (4) holds for 1n . According to (2), 
we may write 
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Making use of the recurrence relations of spherical Bessel 
functions, we may find that 
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Thus we obtain 
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Substituting this into (19) and rearranging terms, we have 
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This gives recurrence relation for the modal quality factor 
nQ . 
Utilizing the inequality (43) in the Appendix leads to 
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We have thus proved the properties (5) and (9). From (21) and 
the assumption (18), we immediately obtain 
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This completes the proof of the property (4).  
 
A question may be raised whether there exists a constant c , 
greater than (2 3) / (2 1)n n  , such that 
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The answer is negative. In fact, we have 
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3 
from (20) and the asymptotic behavior of spherical Hankel 
functions. Therefore the number (2 3) / (2 1)n n   is the 
maximum possible value of c  in (22). 
III. PROPERTIES OF MODAL QUALITY FACTOR nQ  AND THE 
ALTERNATING RECURRENCE RELATIONS 
Similarly the property (6) will be demonstrated by the method of 
mathematical induction. As the first step of the proof, we need 
to show that (6) is valid for 1n  . From the definitions of 
spherical Bessel functions, we may easily obtain 
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     Thus the property (6) has been 
established for the case of 1n  . As the inductive step, we 
assume that (6) is true for an arbitrary n  
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We need to show that (6) also holds for the case of 1n . Let us 
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By use of the recurrence relations for spherical Bessel functions, 
we may easily find the following relations 
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Substituting these relations into (24) and ignoring the tedious 
derivations, we obtain 
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Making use of (3),(4) and (25), we have 
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This completes the proof of (6). Note that we have also proved 
the alternating recurrence relation (11). 
 
According to (3), we may write 
 
1 1
2
(2) 2
1 11( ) ( 1) ( ) ( ) ( ) ( ) .
n n
n n n nn
Q Q
h x n x x j x j x n x n x
 
 
 
    
 
 
Substituting this into (25), we immediately get the alternating 
recurrence relation  (12): 
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From the alternating recurrence relation (11), we may obtain 
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Multiplying the above by (2 3) / (2 1)n n   and subtracting the 
resultant equation from  (11) yield 
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Now making use of (9), (26) and (45) in the Appendix, we have 
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Thus we have proved (10) and also (7). Similarly it can be 
shown that the number (2 3) / (2 1)n n   is the maximum 
possible value in (29). 
 
Making use of (20), (28) can be expressed by 
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This is the recurrence relation for the modal quality 
factor ( )nQ x . 
IV. PROOF OF THE PROPERTY ( ) ( )n nQ x Q x   
To demonstrate the property (8), we have to resort to a useful 
property of the Lommel‟s polynomial [11] 
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where ( )J x  stands for the Bessel functions, and 2 1, ( )n nR x  is 
the Lommel‟s polynomial defined by 
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if   is not an integer . Here   denotes the gamma function. 
For 1/ 2  , (31) can be written as 
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It follows from (42) in the Appendix that 
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From (3), (32) and (33) we obtain 
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since m n . The property (8) is thus validated. 
 
 
Figure 1 Modal quality factors 
As a demonstration of the property (8), the modal quality factors 
nQ  and nQ  are plotted in Figure 1. Note that both nQ  and nQ  
are monotonically decreasing functions of the variable x ka . 
Physically this implies that the stored energy outside a sphere 
that encloses the antenna decreases rapidly as the radius of the 
sphere increases, and most of the stored energy exists in the near 
field region of the antenna. Also note that the difference 
between nQ  and nQ  decreases as ka  increases. Physically this 
means that the stored electric energy will gradually approach to 
the stored magnetic energy outside the sphere as the radius 
a increases. 
V. AN APPLICATION 
The properties (4) and (6) can be used to demonstrate that the 
stored energies around an antenna are always positive. The 
stored energy around an antenna is defined as the difference 
between the total energy and the radiated energy produced by 
the antenna:  
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r
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v
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where 
eW  and eW are the total and stored electric field energies 
around the antenna respectively; 
mW  and mW are the total and 
stored magnetic field energies around the antenna respectively; 
radP  is the radiated power from the antenna; r  is the radius of 
the sphere that encloses the antenna, and 1/v  is the 
speed of radiated wave in the space of medium parameters   
and  . Note that the definition (35) is independent of the 
coordinates since the coordinate variable r will eventually be 
sent to infinity. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2 Antenna and the circumscribing sphere 
Let a  be the radius of the circumscribing sphere of the antenna. 
The whole space can then be divided into the region iV  
enclosed by the circumscribing sphere and the region oV  
outside the circumscribing sphere, as illustrated in Figure 2. 
Accordingly, the total energy can be decomposed into the sum 
of two parts: the part contained in the circumscribing sphere and 
the part outside the circumscribing sphere. We use the subscript 
„i‟ and „o‟ to designate the corresponding parts of the stored 
energies. Then (35) can be written as 
2a   
iV   
oV   
n=1 
n=2 
n=3 
n=4 
n=8 
x 
nQ   
nQ   
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( ) ( ) ,  .rade m e m i e m o
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The first term on the right-hand side denotes the total energy 
inside the circumscribing sphere and is positive and finite since 
the circumscribing sphere is finite. The last two terms denote the 
stored energy outside the circumscribing sphere and can be 
expressed as [4][6][9][10] 
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with na and nb  being positive. Since both nQ  and nQ  are 
positive, the stored energy outside the circumscribing sphere 
given by (37) is also positive. Thus the total stored energy 
defined by (36) is positive. 
VI. CONCLUDING REMARKS 
We finally remark that the property (13) is an inference from the 
alternating recurrence relations (11) and (12). The new power 
series expansions (14) and (15) for the modal quality factors can 
be derived by using (32), (34) and (42) in the Appendix. The 
derivations are straightforward but rather tedious, and the 
details are omitted due to space limit. Note that the power series 
expansion (14) is much simpler than the one given by Collin and 
Rothschild [2]. For convenience, the expansion coefficients 
( , )q n m  and ( , )q n m defined by (16) and (17) are listed in 
Table I and II for 1 4n   . 
TABLE I VALUES OF ( , )q n m  
n  ( ,0)q n  ( ,1)q n  ( ,2)q n  ( ,3)q n  ( ,4)q n  
1 1 1    
2 18 6 3   
3 675 135 21 6  
4 44.41 10  36.3 10  585 55 10 
 
TABLE II VALUES OF ( , )q n m   
n  ( ,0)q n  ( ,1)q n  ( ,2)q n   ( ,3)q n  ( ,4)q n  
1 0 1    
2 0 3 3   
3 0 45 15 6  
4 0 31.575 10  315 45 10 
 
All the new results obtained in this paper have been validated 
numerically. It should be mentioned that the properties of modal 
quality factors are essentially the properties of the spherical 
Bessel functions, and therefore they are universally applicable. 
Their implications are surprisingly large and unrecognized. For 
example, the properties (4), (6) and (8) imply that 
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for 0.x   These results are purely mathematical and are by no 
means trivial. 
APPENDIX  
PROOF OF THE TWO INEQUALITIES FOR HANKEL FUNCTIONS 
 
Another useful property of the Lommel‟s polynomial is [11] 
 
1 1
2 ,
( ) ( ) ( ) ( )
2
( 1) sin ( ),
n n n n
n
n n
J x J x J x J x
R x
x
   


       


 
             (41) 
 
where 2 , ( )n nR x  is Lommel‟s polynomial defined by 
 
2 2
2 ,
0
( 1) (2 )! ( 2 )
( ) ,
!(2 2 )! ( ) 2
n mn m
n n
m
n m n n m x
R x
m n m n m



 


       
  
     
  
 
if   is not an integer.  For 1/ 2  , (41) can be written as 
 
 
2
(2) 2( )
2 2
0
1 (2 )!(2 2 )!
( ) (2 ) .
( )! !
n
m n
n
m
n m n m
h x x
x n m m


 


     (42) 
 
This can be rewritten as 
 
 
2
(2)
2
1
( ) 1 ( ) ,nh x a x
x
   
 
where ( )a x  is  positive for 0x   . This implies 
 
2
(2)
2
1
( ) .nh x
x
                               (43) 
Note that  
 
1
2
(2) 2( 1)
1 2 2
0
1 (2( 1) 2 )!(2( 1) )!
( ) (2 ) .
[( 1 )!] !
n
m n
n
m
n m n m
h x x
x n m m

 


   

 
  
 
This can be rewritten as 
 
2
(2) 2( )
1 2 2
1
1 (2 2 )!(2 )!
( ) (2 ) .
(2 / 1)[( )!] !
n
m n
n
m
n m n m
h x x
x n m n m m



 

 
  
 
Since (2 / 1) 1n m  for 1 m n  , we have 
 
> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 
6 
2
(2) 2( )
1 2 2
1
2( )
2 2
1
2
2
(2) 2
1 (2 2 )!(2 )!
( ) (2 )
(2 / 1)[( )!] !
1 (2 2 )!(2 )!
(2 )
[( )!] !
(2 )!
( ) (2 ) .
!
n
m n
n
m
n
m n
m
n
n
n m n m
h x x
x n m n m m
n m n m
x
x n m m
n
h x x
n






 

 
 


 
   
 

 (44) 
 
This implies 
2 2
(2) (2)
1( ) ( ) .n nh x h x                          (45) 
 
REFERENCES 
[1] L. J. Chu, Physical limitations of omni-directional antenna, 
J. Appl. Phys., Vol.19, 1163-1175, 1948. 
[2] R. E. Collin, and S. Rothschild, “Evaluation of antenna Q,” 
IEEE Trans. Antennas and Propagat., vol.AP-12, 23-27, 
1964. 
[3] V. A. Counter, “Miniature cavity antennas,” Rep. No.2, 
Contract No. W28-099-ac-382, Microwave Lab., Stanford 
Univ., June 30, 1948 
[4] R. L. Fante, “Quality factor of general idea antennas,” 
IEEE Trans. Antennas and Propagat., vol.AP-17, 151-155, 
1969.  
[5] R. F. Harrington, “Effect of antenna size on gain, 
bandwidth, and efficiency”, Journal of Research of the 
National Bureau of Standards-D. Radio Propagation, Vol. 
64D, No.1, Jan.-Feb. 1960. 
[6] W. Geyi, “Physical limitations of antenna,” IEEE Trans., 
Antennas and Propagat., vol.AP-51, 2116-2123, Aug. 
2003. 
[7] W. Geyi, “A New Derivation of the upper bounds for the 
ratio of gain to Q,” IEEE Trans. Antennas and Propagat., 
vol.AP-60, 3488-3490, July 2012. 
[8] W. Geyi, “Optimization of the ratio of gain to Q,” IEEE 
Trans. Antennas and Propagat., vol.AP-61, 1916-1922, 
April 2013. 
[9] W. Geyi, Foundations of Applied Electrodynamics, Wiley, 
2010.  
[10] W. Geyi, Foundations for Radio Frequency Engineering, 
World Scientific, 2015. 
[11] G. N. Watson, A Treatise on the Theory of Bessel 
Functions, Cambridge Univ. Press, Cambridge, UK, 1996. 
 
 
 
 
